The preparation of nonclassical states of mechanical motion conclusively proves that control over such motion has reached the quantum level. We investigate ways to achieve nonclassical states of macroscopic mechanical oscillators, particularly levitated nanoparticles. We analyze the possibility of the conditional squeezing of the levitated particle induced by the homodyne detection of light in a pulsed optomechanical setup within the resolved sideband regime. We focus on the regimes that are experimentally relevant for the levitated systems where the ground-state cooling is not achievable and the optomechanical coupling is comparable with the cavity linewidth. The analysis is thereby performed beyond the adiabatic regime routinely used for the bulk optomechanical pulsed systems. The results show that the quantum state of a levitated particle could be squeezed below the ground state variance within a wide range of temperatures. This opens a path to test for the first time nonclassical control of levitating nanoparticles beyond the ground state.
The preparation of nonclassical states of mechanical motion conclusively proves that control over such motion has reached the quantum level. We investigate ways to achieve nonclassical states of macroscopic mechanical oscillators, particularly levitated nanoparticles. We analyze the possibility of the conditional squeezing of the levitated particle induced by the homodyne detection of light in a pulsed optomechanical setup within the resolved sideband regime. We focus on the regimes that are experimentally relevant for the levitated systems where the ground-state cooling is not achievable and the optomechanical coupling is comparable with the cavity linewidth. The analysis is thereby performed beyond the adiabatic regime routinely used for the bulk optomechanical pulsed systems. The results show that the quantum state of a levitated particle could be squeezed below the ground state variance within a wide range of temperatures. This opens a path to test for the first time nonclassical control of levitating nanoparticles beyond the ground state.
I. INTRODUCTION
Optomechanics [1] is a field studying systems in which a light or microwave mode is coupled to mechanical motion via radiation pressure. It has developed at dramatic rates recently, particularly in providing access to strong coupling [2] , optomechanically induced transparency [3] , ground state cooling [4] , mechanical squeezing [5, 6] , nonclassical correlations between photons and phonons [7] , and optomechanical entanglement [8] [9] [10] , all of which have been demonstrated in the lab. The remaining step would be to prove that control of the mechanics reaches a level incompatible with any mixture of classical motional states. To prepare and verify nonclassical aspects, a pulsed scheme [11, 12] would be advantageous. It unambiguously separates state preparation and verification [8] and keeps the optomechanical system out of the unstable regime inherently peculiar to the optomechanical systems with a single continuous-wave pump [13] .
There is great interest in achieving nonclassical states of mechanics for enhancing metrological performance including force [14, 15] , mass [16] and displacement sensing [17] , magnetometry [18] , and biological applications [19] . Optomechanical systems find application in the field of quantum information, particularly to transduce [20] and route [21] quantum signals. Moreover, a macroscopic object is of great use for testing the fundamental validity of quantum mechanics at larger mass scales [22] [23] [24] and probing decoherence models [25] .
An excellent candidate for many applications happens to be optomechanics with levitated nanoparticles [26] [27] [28] [29] . Levitated particles show great isolation from the environment and therefore, owing to the elimination of the clamping losses, exceptionally high mechanical Q-factors. The oscillatory motion of the nanoparticle is provided by the optical trap, and can therefore be engineered with great precision. Moreover, the optical potential for the * andrey.rakhubovsky@gmail.com nanoparticle can be adjusted to be nonlinear [30] [31] [32] [33] [34] [35] and variable in time [36] . Simultaneously, it can be controlled in the sideband resolved regime [28, 37] with full control of the linearized interaction between light and nanoparticle motion. At the same time, cooling the nanoparticles to the ground state is still challenging [37] [38] [39] [40] . Until now, only classical squashing has been demonstrated with levitating nanospheres [41] .
In this paper we investigate the possibility for the linearized optomechanical interaction to create quantum correlations between a levitated particle and a control field. We show that these correlations are sufficient to steer the levitated particle into a conditionally squeezed state upon detection of the optical mode. To reach this, we use an amplifier interaction in the resolved sideband regime (at the blue sideband), however, we have to go beyond the adiabatic elimination of the intracavity field as the optomechanical coupling in the levitated systems in non-negligible with respect to the cavity decay. Therefore, we have to optimize the temporal modes of light beyond the frequently used exponential time profiles [8, 11, 20] . After this optimization, the measurement-induced preparation of mechanical squeezed states is tolerant to the occupations of the mechanical environment reaching ∼ 10 phonons, what corresponds to the average occupation of a 100 kHz oscillator at 50 K.
II. PULSED SIDEBAND-RESOLVED OPTOMECHANICS
In this section, following the usual textbook approach [42] , we derive the equations of motion for the effective two-mode squeezing interaction in an optomechanical system.
We consider a standard optomechanical system [1] which has an optical mode coupled to the centre of mass motion of a levitated particle via radiation pressure (see Fig. 1 ). The mechanical motion modulates the cavity frequency, which gives rise to the standard optomechanical 
t/τ
Dedicated to the memory of V.B. Braginsky (1931 Braginsky ( -2016 P Figure 1 . A sketch of the measurement-induced mechanical squeezing of levitated nanoparticle. The nanoparticle P is trapped in a harmonic potential by an auxiliary trapping beam (not shown). The motion of the particle is coupled to a mode of the cavity at rate g. The cavity is illuminated by a pulse (Input). In the presence of a strong blue-detuned pump the motion of the particle becomes correlated with a particular temporal mode of the leaking field (Output) directed via the circulator (Circ) to the homodyne detector (HD). Homodyne detection can project the mechanical system onto a displaced thermal squeezed state. Inset: example of the different mode shapes. Red (darker) line corresponds to the optimal mode defined by (15) , green (lighter) to the approximate exponential modes (20) .
Hamiltonian (we use = 1) [26, 43, 44 ]
where a c (a m ) is the annihilation operator of the cavity (mechanical) mode with the eigenfrequency ω cav (ω m ), and g 0 is the single-photon optomechanical coupling rate approximately showing the cavity frequency modulation per mechanical quanta. We assume the system to be in the presence of a strong coherent pump at frequency ω p = ω c − ∆ which is used to enhance the weak optomechanical interaction
The strong coherent pump creates a mean classical displacement of both the cavity mode and the mechanical mode, so that each mode experiences weak quantum fluctuations around those mean displacements. We proceed by linearizing the dynamics around the classical displacements and consider the quantum evolution of the fluctuating parts. Thereby in a rotating frame given by
m a m the linearized Hamiltonian takes the form (to simplify the equations we keep notation a i for only the fluctuating parts)
where g = g 0 N ph is the coupling rate enhanced by the mean number of intracavity photons N ph . This is the standard Hamiltonian of the linearized optomechanical interaction. It has been successfully demonstrated in experiments to correctly describe the dynamics of the optomechanical systems in different regimes set by the detuning ∆, e.g., in [2, 4, 8, 37] . In this manuscript we investigate the dynamics of an optomechanical system tuned to the blue sideband (∆ = −ω m ). To derive the effective Hamiltonian for this regime, we first go to the rotating frame defined by H rf = ∆a † c a c , and then apply the rotating wave approximation to cancel the terms rapidly counter-rotating at 2ω m . The latter requires the mechanical frequency ω m be the dominant rate in the system, which practically is equivalent to the condition of the cavity decay κ being much smaller than the mechanical frequency (κ ω m , so-called resolved sideband condition). Then,
This interaction is known to entangle the parties even in presence of large amounts of noise [45, 46] , so it is a natural choice to use this interaction for creating an entangled state of light and mechanics. Unfortunately there is an inherent instability associated with this type of interaction in optomechanical systems [13] . Tuned on the right slope of the cavity resonance curve (blue sideband), the coherent pump creates an effective spring for the mechanical mode. Simultaneously, a negative damping (amplification) is created. This negative damping might overwhelm the inherently low intrinsic damping of a high-Q mechanical system, thus rendering it unstable and making the steady state of the system inaccessible. A natural way to compensate for this is to avoid steady states, and to shift attention to pulses [11, 12, 47] . Using the Hamiltonian (4), we can write the quantum Langevin equations introducing the damping and noise terms. Since the Hamiltonian of the linearized optomechanical interaction is at most quadratic in the bosonic operators, the equations of motion are linear. These equations can be written in the matrix form [48] 
where
T is the vector of the quadratures of the input quantum noises, the superscript 
, for k = in, th. Also we assume they obey the standard Markovian autocorrelations [49] , e.g., X in (t)X in (t ) = δ(t − t ) and X th (t)X th (t ) = (2n th + 1)δ(t − t ) with n th being the average occupation of the bath. Furthermore, K = diag(κ, κ, γ/2, γ/2) is the diagonal matrix composed of optical damping rate κ and the mechanical viscous damping rate γ, and A is the so-called drift matrix. For the case of the two-mode squeezing interaction, the drift matrix has the form
Here and throughout the article we assume N ph (and thereby g) independent of time. This is a valid approximation for a top-hat drive with constant pump strength equal E(t) = E within the pulse duration 0 ≤ t ≤ τ and zero otherwise. Another requirement is that the pulse duration is longer than the cavity decay time κτ 1, for example as in [8] .
Eq. (5) has the formal solution
Importantly, for a bipartite system, an analytical form of M can always be computed however in general it is too cumbersome to be reported here. In the general case of a time-dependent pump strength, Eq. (5) should be solved numerically.
III. OPTIMIZED TEMPORAL MODES OF LIGHT
The solution (7) is sufficient to analyze the optomechanical dynamics, particularly the transfer of quantum information from the incident light to the mechanical mode. Among other terms, the expression for the mechanical mode contains a term corresponding to the input optical quantum fluctuations serving as the signal
where we have designated the quadratures of the input optical temporal mode and the optomechanical amplification gain G as
The definition of Y in features the same f in as the one for X in owing to the symmetries in A that secure M 31 (s) = −M 42 (s). This way we select a single temporal modethe optimally coupled one-from the continuum of the temporal modes of the input fluctuations. By definition, this mode has proper commutation relations
To complete the consideration of the system, we have to supplement the equations above with an input-output relation in the form
T , and the tilde denotes that we take the only first two entries of the vector, e.g.ũ = (u 1 , u 2 )
T . In a similar fashion with the solution for the intracavity quadratures, we conclude that the expression for the leaking field has a term
Therefore, the proper temporal mode of the leaking field, which is optimally coupled to the mechanical mode, is defined by the profile of the interaction M 13 (t). We thus define the quadratures of the output mode in full analogy with the definition for the input mode:
Again, owing to the symmetries in A, M T = M and therefore
Defined by (15) , the output mode obeys proper commutations [X out , Y out ] = 2i, and carries maximum information regarding the initial mechanical state. Note that if, instead, a different temporal mode is measured it will carry only a certain fraction of the information, with this fraction defined by the temporal overlap of the profiles of the modes.
In the general case, the elements of M and, therefore, the temporal shapes of the optimal modes of the radiation, have a complicated dependence on time. In certain important cases, however, there exist simple approximations to the exact temporal shapes. Particularly, for the case of a two-mode squeezing optomechanical interaction with Hamiltonian (4), the corresponding functions take the form
with λ = (κ − γ/2) 2 + 4g 2 . In the case of wide-band cavity κ g, γ the intracavity mode can almost instantaneously react to the other influences, and therefore can be adiabatically eliminated. Thereby, in this adiabatic regime the expression for the leaking mode shape can be simplified and transforms into
where we define the optomechanical amplification rate G = g 2 /κ. In a similar fashion one can process the temporal shape of the incident pulse to obtain the expressions of the input and output modes' temporal shape functions as follows
The Bogoliubov transformations above correspond to the two-mode squeezing of the optical and the mechanical modes with the amplification coefficient G = e 2Gτ . For the sake of compactness of notation we have introduced the bosonic operators
IV. CONDITIONAL SQUEEZING IN THE ADIABATIC REGIME
The two-mode squeezing interaction is known for its ability to entangle the modes and produce correlations sufficient to achieve conditional squeezing (CS) [45, 46] . The latter effect manifests itself as a projection of one of the two correlated modes onto a state which has the variance of one of the quadratures below the shot-noise level. In this section we introduce the formal definition of this effect and reiterate the sufficient conditions for the observation of CS in an experiment.
The state of the optomechanical system after the interaction is characterized by the vector r = (
Since the system undergoes linear dynamics described by (5) with the initial state being Gaussian, the final state of the system remains Gaussian and can therefore be completely described by a vector of means r and the covariance matrix (CM) V. The latter is defined as a matrix with elements
where {a, b} ≡ ab + ba is the anticommutator, and the averaging is performed in the quantum mechanical sense a ≡ Tr(ρa).
Regrouping for convenience the elements of the vector r into r out = (X out , Y out ) T and r m = (X m , Y m ) T , we can write the CM in the block form
with
The blocks on the main diagonal show the autocorrelations of the leaking pulse and the mechanical mode respectively, and the off-diagonal block show the cross-correlations between the two. Upon homodyne detection of an amplitude quadrature (X out ) of the leaking pulse, the mechanical mode is projected onto a Gaussian state with CM V m given by [50] 
with P = diag(1, 0). For the generalization to the case of an arbitrary quadrature homodyne measurement see Appendix B. The state is squeezed if the smaller eigenvalue σ cond (for which we use the term conditional variance) of V m is below the uncertainty of the vacuum σ vac . For our choice of the commutation relations [X m , Y m ] = 2i, σ vac = 1. In the simple case of a diagonal V m the matrix elements on the principal diagonal have the meaning of uncertainties of the quadratures. The conditional variance is therefore equal to the smaller diagonal element and has the very illustrative meaning of the uncertainty of the squeezed quadrature.
In the case of the two-mode squeezing interaction, described by (21) , the mechanical mode is projected by the homodyne detection of the amplitude quadrature of the leaking pulse on the state with the covariance matrix [45] 
with n 0 being the initial occupation of the mechanical mode. In the experimentally relevant limit of high occupation, the covariance matrix simplifies to
which is squeezed regardless of the initial occupation provided G > 2. Importantly, the squeezing occurs upon measurement of an arbitrary quadrature which is a manifestation of the phase insensitivity of the two-mode squeezing interaction. That is, regardless of which quadrature of light is measured, the eigenvalues of the covariance matrix V m remain the same, although the eigenvectors might be rotated. Moreover, the final state of the mechanical mode is displaced in the phase space dependent on the outcome of the measurement of the optical mode. Such a displacement however does not affect the nonclassicality.
V. REALISTIC CONDITIONAL SQUEEZING OF A LEVITATED NANOPARTICLE
As can be seen from the previous section, under idealized conditions, the blue-detuned optomechanical interaction produces the thermal equivalent of a two-mode Solid and dashed lines correspond to an ideal detection of, respectively, the optimal (15) and the exponential (20) mode of the leaking pulse. The lines with markers overlapping with the dashed lines correspond to the detection of the optimal mode that experienced a loss with transmittance equivalent to that provided by the overlap of the optimal and the exponential modes envelope (see (30) ).
squeezed state of the leaking field and the levitated particle. In this section we evaluate the effect of imperfections in the system and analyze the potential to achieve conditional squeezing in state-of-the art experiments. The idealized solution (21) analyzed in the previous section does not include mechanical decoherence, involves adiabatic elimination of the cavity mode and ignores optical losses. The first two effects are taken into account by considering the full solution of (5); the machinery for this evaluation is described in Appendix A. The optical loss enters at different stages of the protocol and in particular it manifests itself in nonunit photon escape and photodetection efficiencies, losses in the mirrors and in propagation etc. Advantageously, all these effects can be treated as a linear admixture of vacuum to the output signal (see Fig. 1 ). Thereby, the optical loss can be taken into account by modifying the input-output relation (13) as (27) with 0 ≤ η ≤ 1 being the total transmittance associated with all the loss sources combined (η = 1 corresponding to the lossless case), and v vac = (X vac , Y vac ) T describing the joint vacuum mode of light. Following the modification described by (27) , the covariance matrix V becomes
Note that we do not have to consider the losses associated with the input light, since it is already in vacuum state, thereby an admixture of vacuum fluctuations to it does not modify the statistics of the input light.
The results of our simulations can be seen at Fig. 2 . We plot the conditional squeezing in dB as a function of the initial occupation of the levitated nanoparticle which we assume to be in equilibrium with its environment (so that n 0 = n th =n). The plotted quantity is therefore
Our analysis shows that in the regime of the parameters satisfying the requirements of the adiabatic interaction (κ g, τ −1 , γ and γn th τ 1) the full solution exhibits good correspondence with the approximate adiabatic one. As the occupation increases from the ground state, the magnitude of squeezing decreases until it reaches a plateau that spans over a few orders of magnitude of the occupation number values. The plateau is as well predicted by the adiabatic regime (cf. Eqs. (25) and (26)). In accordance with this prediction, the magnitude of squeezing is determined solely by the amplification gain G albeit the dependence is more complicated than in the adiabatic regime. Once the gain is above a certain threshold, the CS is possible for a wide range of temperatures, impossible for gain values below threshold (compare blue [darker] and yellow [lighter] lines in Fig. 2 (a) ). The CS occurs regardless of which quadrature of the leaking field is measured, which is consistent with the phase insensitivity of two-mode squeezing.
The most important limiting factor in conditionally squeezing the mechanics is the nonzero initial occupation n 0 of the levitated particle and the occupation n th of its bath. In Fig. 2 we assume that the particle is initially at equilibrium with the surroundings, so n 0 = n th . The two occupations though have different effects on the possibility of the CS. For low values of the initial mechanical occupation n 0 , before the plateau, the value of n 0 sets the upper boundary for the magnitude of the CS of the mechanical oscillator in accordance with (25) . This occupation alone however does not impose limits on the CS, that is, in the case of zero occupation of the bath n th = 0, CS is possible for an arbitrary n 0 provided that the optomechanical amplification gain G is above a certain threshold. Additionally the occupation of the bath n th does not influence the magnitude of the CS as long as it is below a certain value related to the rethermalization time n th n crit ≡ (γτ ) −1 . Above this value of n th the CS is impossible regardless of the initial occupation n 0 . We would like to emphasize that this means that if for a given temperature of the bath the CS happens to be impossible, precooling alone does not salvage the situation.
Intuitively, in order to push the boundary of the temperatures allowing the CS up, one would shorten the pulse duration τ which means a shorter interaction with the bath and therefore a smaller amount of noise entering the mechanical mode. Indeed this helps however the appropriate values of τ are limited from below by the inverse cavity linewidth: τ κ −1 , apparently because shorter pulses are unable to properly enter and leave the cavity. This, combined with the requirement of a resolved side-band, κ ω m , sets a limit on the occupations of the bath, allowing the CS. The upper boundary for the phonon number is n crit ω m /γ = Q m . Decreasing the pulse duration τ causes a decrease of the amplification gain G and thereby requires an increase in the optomechanical interaction rate g in order to compensate it. The latter can be increased by increasing the intracavity power and subsequently the average number of the intracavity photons N ph . Decreasing τ , and increasing g such that it becomes comparable with κ leads us farther from the adiabatic regime, which means that the optimal temporal mode of the leaking field increasingly differs from the simple exponential form (20) . The analysis presented in Fig. 2 shows that the detection of an approximate exponential mode (20) (dashed lines) is indistinguishable from the detection of the optimal mode (15) preceded by an optical loss (lines with markers). The associated transmittance η of the loss is exactly equivalent to the overlap of the temporal profiles of the modes:
where f out (s) ∝ M 13 (s) is defined by the full solution of the equations of motion, and f out ad (s), by the adiabatic solution (20) . Both these functions are illustrated in the inset of Fig. 1 . From the comparison of the magnitudes of CS attainable by the lossless and lossy detection it is evident that the optical loss can be a critical limiting factor to the extent that it renders the CS impossible at the temperatures at which a lossless detection would allow (see yellow [lighter] lines in Fig. 2 (b) ). Note however that the deviation from the adiabatic regime, which invalidates the elimination of the cavity mode, does not cause any loss itself. The contribution of the cavity mode, that can not be eliminated anymore, is the redistribution of the quantum information between the different temporal modes of the continuum of the modes of the leaking radiation. This effect can be compensated totally by optimization of the profile of the detected mode.
VI. CONCLUSION
We have considered the perspective of conditional squeezing of a levitated nanoparticle by a pulsed protocol including entangling the particle with the control field, and then homodyne detection of the field. We have shown that within the resolved sideband regime, on the timescales shorter than the rethermalization time (τ [γn th ] −1 ) the interaction in the system is ultimately approaching the two-mode squeezing and can allow the conditional squeezing regardless of the initial occupation of the levitated particle. Importantly, cooling of the particle while remaining at the same temperature of the bath is unable to enhance the squeezing.
To take advantage of the created quantum correlations one has to detect a proper temporal mode of the leaking radiation. The profile of this temporal mode is set by the optomechanical interaction, and in the regime far from that typically considered adiabatic (where the condition κ g does not hold anymore) this profile differs from the standard exponential one. Detection of a different mode causes loss of the correlations which might prohibit the squeezing of the mechanics.
Our analysis is carried out in the dimensionless variables which allows it to be translated to an arbitrary optomechanical system capable of working in the resolved sideband regime κ ω m . We find the domain of levitated nanoparticles to be a promising candidate for implementation, as it allows good control of the experiment, outstanding isolation from the environment (and thereby exceptionally high mechanical Q-factors) and relatively strong optomechanical coupling g compared to the standard bulk systems. To produce Fig. 2 we used the parameters reported in [51] . In that setup ω m = 2π × 180 kHz, κ = 2π × 96.5 kHz, and g ≤ 2π × 60 kHz which corresponds to the maximal value of the ratio g/κ = 0.62. We also used for the estimations the value γ/κ = 2.8 × 10 −10 . Moreover, the conditional squeezing is already possible at moderate coupling rates as is shown in Fig. 2 (a) . Rates of this order have been reported in a number of optomechanical experiments with bulk mechanical oscillators (see e.g., [4] ). The proposed protocol is therefore definitely feasible in a state of the art experiment.
Detection of the mechanical squeezing requires a detection of mechanical displacement with sub-shot-noise precision. This can be done by different means, e.g., either by a back-action-evading operation [52] , a squeezingenhanced [53] or a variational [54] measurement, or by swapping the mechanical state with the state of a reddetuned pulse [8, 11, 55] and subsequent optical tomography. Evaluation of this task however goes beyond the scope of the current manuscript.
We have thus shown a possibility to create a motional nonclassical state of a levitated particle by a sequence of optomechanical interaction and an optical detection. This possibility does not require cooling the particle to the ground state and is within experimental reach. Squeezing of a mechanical oscillator below the shot noise level paves the way to high-precision measurements and tests of fundamental science, such as quantum mechanics [22] and thermodynamics [56] . In this section we outline the process of evaluation of the covariance matrix (23), particularly, its first diagonal block r out • r out showing the autocorrelations of the leaking pulse. These considerations can be extended for the evaluation of the other blocks in a somewhat obvious way.
We have for r out the expression (for i = 1, 2. We also assume summation over repeating indices, e.g., a j b j should read
We then insert this into the definition of the CM and use the linearity of the operation of covariance. Moreover, we take advantage of the fact that the initial values of quadratures u(0) are uncorrelated with the quantum fluctuations r in (the Langevin forces in (5)):
The statistics of the initial state and of the Langevin forces are known. Typically in experiment the mechanical mode is initially in the thermal state with occupation n 0 , and the cavity mode is initially in vacuum. Similarly, the mechanical bath is in the thermal state with the occupation n th and the input optical fluctuations are in vacuum. Therefore, The computation of the covariance matrix is, thereby, reduced to ordinary integration. For the case of the two-mode squeezing interaction (5) it can be performed analytically.
Appendix B: Covariance matrix after a homodyne measurement of an arbitrary quadrature
In this section, following [57] we present an expression for the conditional covariance matrix of the mechanical mode after a homodyne measurement of an arbitrary quadrature of the leaking light.
Consider an optomechanical system in a Gaussian state described by a CM of the form (23) . A measurement of the optical mode that projects it on a pure state with CM D simultaneously projects the mechanical mode on a state with CM that reads
For a homodyne measurement of the amplitude quadrature X,
and the inverse in Eq. (B1) is a pseudoinverse. A proper simplification yields Eq. (24) . To generalize the Eq. (B1) to the measurement of an arbitrary quadrature X θ = X cos θ + Y sin θ we note that such a measurement projects the optical mode on a state with the covariance matrix
where R 2 (θ) is a 2 × 2 rotation matrix R 2 (θ) = cos θ sin θ − sin θ cos θ .
Using D θ in Eq. (B1) instead of D gives the required covariance matrix. A less technically demanding way to obtain the required CM is to note that a homodyne detection of the quadrature X θ is equivalent to a homodyne detection of the amplitude quadrature in a rotated basis. In this basis the CM of the optomechanical system reads
where V is given by Eq. (23), and R performs rotation of only the basis of the optical mode:
Applying the formalism of Eq. (24) to V(θ) gives the CM of the mechanical mode after the measurement.
